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1. Differentiable Manifolds

1.1. Charts, atlases, and manifolds

1.1.1 Manifolds are topological spaces which are locally modeled on euclidean space by
homeomorphisms called charts. If such a manifold is covered by charts in a way that the
transition maps between these charts all lie in a particular differentiability class one obtains
a differentiable manifold. Let us make this more precise.

1.1.2 Definition Assume that k is the field of real or complex numbers, and M a topo-
logical space. By a chart of M one understands a homeomorphism x : U Ñ rU from an
open subset U Ă M onto an open subset rU of some kn. We often denote a chart of M by
px, U,knq or just shortly by px, Uq, and call the chart real respectively complex depending
on whether k “ R or k “ C. The number n is called the real respectively the complex
dimension of the chart.

Let k P N Y t8, ωu. Two real charts x : U Ñ rU Ă Rn and y : V Ñ rV Ă Rm are
said to be Ck-compatible if the transition maps x ˝ y´1 : ypU X V q Ñ xpU X V q and
y ˝ x´1 : xpU X V q Ñ ypU X V q are both of class Ck, which means continuous if k “ 0,
k-times continuously differentiable if k P N˚, smooth if k “ 8, and real analytic if k “ ω.
A set A of pairwise Ck-compatible charts of M is called a Ck-atlas of M or an atlas of
class Ck if the charts in A cover M which means that for each point p PM there is a chart
px, Uq P A with p P U .

Two complex charts x : U Ñ rU Ă Cn and y : V Ñ rV Ă Cm are called holomorphically
compatible if the transition maps x ˝ y´1 : ypU XV q Ñ xpU XV q and y ˝x´1 : xpU XV q Ñ
ypU X V q are both holomorphic. A set A of pairwise holomorphically compatible charts of
M is a holomorphic atlas of M or an atlas of class O if the charts in A cover M .

1.1.3 The sets of Ck-atlases and of holomorphic atlases of a topological spaceM are ordered
by set-theoretic inclusion. Obviously, if A is an atlas of class Ck or O there exists a unique
maximal atlas pA of the same class containing A. The atlas pA is obtained from A by adding
all charts which are Ck-compatible respectively holomorphically compatible with each chart
contained in A.

If f : N Ñ M is a homeomorphism between two topological spaces N and M , and A a
maximal atlas on M , the set of charts

f˚A :“
 `

x ˝ f|f´1pUq, f
´1pUq,kn

˘

| px, U,knq P A
(

is a maximal atlas on N and of the same differentiability class as A. In case N comes
equipped with a maximal atlas B, too, the homeomorphism f is called a diffeomeorphism
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1. Differentiable Manifolds 1.1. Charts, atlases, and manifolds

from pN,Bq to pM,Aq if f˚A coincides with B. If A and B are two maximal atlases on
M and there exists a homeomorphism f : M Ñ M which is a diffeomorphism from M
equipped with A to M equipped with B, one calls the two atlases A and B equivalent. By
definition it is clear that equivalence of maximal atlases on a topological space M is an
equivalence relation indeed.

1.1.4 Definition A topological spaceM is called locally euclidean, if for every p PM there
exists an open neighborhood U together with a homeomorphism x : U Ñ rU mapping U
onto an open subset rU Ă Rn of some euclidean space.

1.1.5 Definition Assume M to be a topological space, and k P N Y t8, ωu. By a Ck-
structure or differentiable structure of class Ck onM one understands a maximal Ck-atlas on
M . A holomorphic structure onM is given by a maximal holomorphic atlas. One sometimes
calls a C0-structure a locally euclidean structure, a C8-structure a smooth structure, and a
Cω-structure a (real) analytic structure on the underlying topological space M .

1.1.6 Remark 1. A topological space M possesses a locally euclidean structure if and
only if the space is locally euclidean.

2. John Milnor showed in his paper ?? titled On manifolds homeomorphic to the 7-sphere
that the 7-dimensional sphere admits a smooth structure which is not equivalent to the
standard smooth structure defined in ??. In other words this means that

Following Milnor, a topological space equipped with a smooth structure which is home-
omorphic but not diffeomeorphic to a standard sphere is called an exotic sphere. In joint
work with Michel Kervaire, Milnor classified in ?? all smooth structures on the
7-sphere up to equivalence and proved that there are exactly 28 of them.
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2. Lie theory

2.1. Lie groups

2.1.1 Definition A real or complex manifold G carrying a group structure is called a (real
respectively complex ) Lie group if the manifold and group structures are compatible in the
following sense:

(LieGrp1) The product map m : GˆGÑ G, pg, hq ÞÑ g ¨h is smooth respectively holomor-
phic in the complex case.

(LieGrp2) The inversion map i : G Ñ G, g ÞÑ g´1 is smooth respectively holomorphic in
the complex case.

2.1.2 Example The field of real numbers R together with its standard smooth structure
and addition as group operation is a real Lie group. Likewise, the field of complex numbers
with its standard complex structure and addition as group operation is a complex Lie group.
The pointed spaces R˚ and C˚ together with multiplication of real or complex numbers as
product are Lie groups as well, the first one being real, the second complex.
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3. Symplectic Geometry

3.1. Symplectic linear algebra
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4. Geometry of Poisson Manifolds

4.1. Poisson structures

4.1.1 Definition A Poisson structure or Poisson bracket on a manifold P is an R-bilinear
map

t¨, ¨u : C8pP q ˆ C8pP q Ñ C8pP q

having the following three properties:

(PS1) The bracket t¨, ¨u is antisymmetric, i.e.

tf, gu “ ´tg, fu for all f, g P C8pP q.

(PS2) Jacobi’s identity holds true, i.e.

tf, tg, huu ` tg, th, fuu ` th, tf, guu “ 0 for all f, g, h P C8pP q.

(PS3) The bracket t¨, ¨u fulfills Leibniz’ rule in its first argument, i.e.

tfg, hu “ ftg, hu ` tf, hug for all f, g, h P C8pP q.

If only Axioms ?? and ?? are satisfied, one calls t¨, ¨u an almost Poisson structure on M .
A manifold P together with a Poisson structure (resp. almost Poisson structure) t¨, ¨u on it
is called a Poisson manifold (resp. an almost Poisson manifold).

By antisymmetry, a Poisson bracket fulfills Leibniz’ rule in its second argument, too. Ax-
ioms ?? and ?? imply that C8pP q equipped with a Poisson bracket t¨, ¨u is a Lie algebra.
Note that property ?? entails that for fixed h P C8pP q the map t¨, hu is a derivation of
the ring C8pP q, hence there exists a smooth vector field Xh P XpP q such that for any
f P C8pP q the relation Xhf “ tf, hu holds true. This vector field is called the hamiltonian
vector field of h. If one of the functions in the bracket is constant, then the Leibniz rule
demands that the bracket be equal to zero.
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5. Groupoids

5.1. The category of groupoids

5.1.1 A groupoid can be thought of as a generalized group in which only certain multiplica-
tions are possible. It can be consisely defined as a small category with all arrows invertible,
but the following - logically equivalent - definition reflects the underlying concepts more
clearly.

5.1.2 Definition A groupoid over a set X is a set G together with the following structure
maps:

• a pair of maps G
t

Ñ
s
X, where t is called the target map while s is called the source map,

• a (partial) multiplication or product m : Gp2q Ñ G, pg, hq ÞÑ gh defined on the set of
composable pairs

Gp2q :“ tpg, hq P Gˆ G | spgq “ tphqu ,

• an embedding u : X Ñ G, called the identity section or unit, and

• an inversion map i : GÑ G, g ÞÑ g´1.

These data must have the following properties:

(Grpd1) Multiplication from the right preserves the target, multiplication from the left the
source, i.e. tpghq “ tpgq & spghq “ sphq for all pg, hq P Gp2q.

(Grpd2) Multiplication is associative, i.e. pghqk “ gphkq for all pg, h, kq P Gp3q, where

Gp3q :“ tpg, h, kq P Gˆ Gˆ G | spgq “ tphq, sphq “ tpkqu

denotes the set of composable triples.

(Grpd3) The unit map acts as identity, i.e. uptpgqqg “ g “ gupspgqq for all g P G. In
particular, t ˝ u “ s ˝ u is the identity map on X.

(Grpd4) The inversion map acts by inversion, i.e. ipgqg “ upspgqq & gipgq “ uptpgqq for all
g P G.
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5. Groupoids 5.1. The category of groupoids

An element g P G is thought of as an arrow from the object x “ spgq to the object y “ tpgq:

r
y “ tpgq

r
x “ tpgq

g

	

One therefore usually calls G the arrow space of the groupoid, and X its object space. As
already done so in the axioms, we will usually write gh for the product mpg, hq. Whenever
we write a product, we are assuming that it is defined. If h is an arrow from x “ sphq to
y “ tphq “ spgq and g is an arrow from y to z “ tpgq, then gh is the composite arrow from
x to z:

r
tpgq “ tpghq

r
spgq “ tphq

r
sphq “ spghq

g h

gh

� �
	

The inversion map permutes source and target of an arrow:

r
spg´1q “ tpgq

r
spgq “ tpg´1q

g

g´1

	

�

We will usually denote a groupoid by G
t

Ñ
s
X, or if we need to specify all structure maps

by

Gp2q
m
Ñ G

t
Ñ
s
X

u
Ñ G

i
Ñ G .

By an abuse of notation, we sometimes simply write G for the groupoid above.

A groupoid G gives rise to a hierarchy of sets:

Gp0q :“ upXq » X

Gp1q :“ G

Gp2q :“ tpg, hq P Gˆ G | spgq “ tphqu
...

Gpnq :“ tpg1, . . . , gnq P G
n | spg1q “ tpg2q, . . . , spgn´1q “ tpgnqu

...

The following picture can be useful in visualizing groupoids.
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5. Groupoids 5.1. The category of groupoids
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5.1.3 Remark There are various equivalent definitions for groupoids and various ways of
thinking of them. As already pointed ourt above, a groupoid G can be viewed as a small
category whose objects are the elements of the base set X and whose morphisms are all
invertible. Another way to think of a groupoid is as a generalized equivalence relation in
which elements of X can be “equivalent in several ways” (see Paragraph 5.1.10). We refer
to Brown ?Brown (2006), as well as ?, for extensive general discussion of groupoids.

5.1.4 Examples 1. A group is a groupoid over a set X “ t˚u with only one element.

2. The trivial groupoid over the set X is defined by G “ X, and t “ s “ idX .

3. Let G “ X ˆX
pr1
Ñ
pr2

X with the groupoid structure defined by

tpy, xq :“ pr2py, xq “ y, spy, xq :“ pr1py, xq “ x,

m
`

pz, yq, py, xq
˘

:“ pz, yqpy, xq :“ pz, xq,

upxq :“ px, xq, and ipy, xq :“ py, xq´1 :“ px, yq .

This is often called the pair groupoid , or the coarse groupoid , or the Brandt groupoid
after work of Brandt ?, who is generally credited with introducing the groupoid concept.
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5. Groupoids 5.1. The category of groupoids

X

X

εpXq

π1

π2

?

�

�
�
�
�
�
�
�
�
�
�

5.1.5 Remark Given a groupoid G, choose some φ R G. The groupoid multiplication on
G extends to a multiplication on the set GY tφu by

gφ “ φg “ φ

gh “ φ , if pg, hq P pGˆGqzGp2q .

The new element φ acts as a “receptacle” for any previously undefined product. This endows
GY tφu with a semigroup structure. A groupoid thus becomes a special kind of semigroup
as well.

5.1.6 Definition Given two groupoids G1 and G2 over sets X1 and X2 respectively, a
morphism of groupoids is a pair of maps G1 Ñ G2 and X1 Ñ X2 which commute with all
the structural functions of G1 and G2. We depict a morphism by the following diagram.

G1G2
t1
s1
t2
s2X1X2

If we consider a groupoid as a special type of category, then a morphism between groupoids
is simply a covariant functor between the categories.

There is a natural way to form the product of groupoids:

5.1.7 Remark If Gi is a groupoid over Xi for i “ 1, 2, show that there is a naturally
defined direct product groupoid G1 ˆG2 over X1 ˆX2.

disjoint union of groupoids is a groupoid.

Subgroupoids and Orbits

5.1.8 Definition A subset H of a groupoid G over X is called a subgroupoid if it is closed
under multiplication (when defined) and inversion. Note that

h P Hñ h´1 P Hñ both uptphqq P H and upsphqq P H .

Therefore, the subgroupoid H is a groupoid over tpHq “ spHq, which may or may not be all
of X. When tpHq “ spHq “ X, H is called a wide subgroupoid .

5.1.9 Examples 1. If G “ X is the trivial groupoid, then any subset of G is a subgroupoid,
and the only wide subgroupoid is G itself.

9



5. Groupoids 5.1. The category of groupoids

2. If X “ t˚u is a one point set, so that G is a group, then the nonempty subgroupoids are
the subgroups of G, but the empty set is also a subgroupoid of G.

3. If G “ X ˆ X is the pair groupoid, then a subgroupoid H is a relation on X which is
symmetric and transitive. A wide subgroupoid H is an equivalence relation. In general,
H is an equivalence relation on the set tpHq “ spHq Ă X.

5.1.10 For any groupoid G over a set X, there is a morphism

G pt,sqX ˆXt
s
π1
π2X “ X

from G to the pair groupoid over X. Its image is a wide subgroupoid of X ˆX, and hence
defines an equivalence relation on X. The equivalence classes are called the orbits of G
in X. In category language, the orbits are the isomorphism classes of the objects of the
category. We can also think of a groupoid as an equivalence relation where two elements
might be equivalent in different ways, parametrized by the kernel of pt, sq. The groupoid
further indicates the structure of the set of all ways in which two elements are equivalent.

Inside the groupoid X ˆX there is a diagonal subgroupoid ∆ “ tpx, xq | x P Xu. We call
pt, sq´1p∆q the isotropy subgroupoid of G.

pt, sq´1p∆q “ tg P G | tpgq “ spgqu “
ď

xPX

Gx ,

where Gx :“ tg | tpgq “ spgq “ xu is the isotropy subgroup of x.

If x, y P X are in the same orbit, then any element g of

Gx,y :“ pt, sq´1px, yq “ tg P G | tpgq “ x and spgq “ yu

induces an isomorphism h ÞÑ g´1hg from Gx to Gy. On the other hand, the groups Gx and
Gy have natural commuting, free transitive actions on Gx,y, by left and right multiplication,
respectively. Consequently, Gx,y is isomorphic (as a set) to Gx (and to Gy), but not in a
natural way.

A groupoid is called transitive if it has just one orbit. The transitive groupoids are the
building blocks of groupoids, in the following sense. There is a natural decomposition of
the base space of a general groupoid into orbits. Over each orbit there is a transitive
groupoid, and the disjoint union of these transitive groupoids is the original groupoid.

5.1.11 Historical Brandt ? discovered groupoids while studying quadratic forms over the
integers. Groupoids also appeared in Galois theory in the description of relations between
subfields of a fieldK via morphisms ofK ?. The isotropy groups of the constructed groupoid
turn out to be the Galois groups. Groupoids occur also as generalizations of equivalence
relations in the work of Grothendieck on moduli spaces ? and in the work of Mackey on
ergodic theory ?. For recent applications in these two areas, see Keel and Mori ? and
Connes ?.

10



5. Groupoids 5.1. The category of groupoids

Examples of Groupoids

5.1.12 Example (Fundamental groupoid) Let X be a topological space and let G “
π1pXq be the collection of homotopy classes of continuous paths in X with all possible fixed
endpoints. Specifically, if γ : r0, 1s Ñ X is a continuous path from x “ γp0q to y “ γp1q,
let rγs denote the homotopy class of γ relative to the points x, y. We can define a groupoid

π1pXq “ tpx, rγs, yq | x, y P X, γ is a continuous path from x to yu ,

where multiplication is concatenation of paths. According to our convention, if γ is a path
from x to y, the target is tpx, rγs, yq “ x and the source is spx, rγs, yq “ y.) The groupoid
π1pXq is called the fundamental groupoid of X. The orbits of π1pXq are just the path
components of X. In fact, for a general groupoid, we will occasionally refer to the orbits as
components. See Brown’s text on algebraic topology Brown (2006) for more on fundamental
groupoids.

There are several advantages of the fundamental groupoid over the fundamental group.
First notice that the fundamental group sits within the fundamental groupoid as the isotropy
subgroup over a single point. The fundamental groupoid does not require a choice of base
point and is better suited to study spaces that are not path connected. Additionally, many
of the algebraic properties of the fundamental group generalize to the fundamental groupoid,
as illustrated in the following result.

5.1.13 Remark Show that the Seifert-Van Kampen theorem on the fundamental group of
a union U Y V can be generalized to groupoids ?, and that the connectedness condition on
U X V is then no longer necessary.

5.1.14 Example Let Γ be a group acting on a space X. In the product groupoid ΓˆpXˆ
Xq » X ˆ ΓˆX over tpointu ˆX » X, the wide subgroupoid

GΓ “ tpx, γ, yq | x “ γ ¨ yu

is called the transformation groupoid or action groupoid of the Γ-action. The orbits and
isotropy subgroups of the transformation groupoid are precisely those of the Γ-action.

A groupoid G over X is called principal if the morphism G
pt,sq
ÝÑ X ˆX is injective. In this

case, G is isomorphic to the image pt, sqpGq, which is an equivalence relation on X. The
term “principal” comes from the analogy with bundles over topological spaces.

If Γ acts freely on X, then the transformation groupoid GΓ is principal, and pt, sqpGΓq is
the orbit equivalence relation on X. In passing to the transformation groupoid, we have
lost information on the group structure of Γ, as we no longer see how Γ acts on the orbits:
different free group actions could have the same orbits.

5.1.15 Example Let Γ be a group. There is an interesting ternary operation

px, y, zq
t
ÝÑ xy´1z .

It is invariant under left and right translations (check this as an exercise), and it defines
4-tuples px, y, z, xy´1zq in Γ which play the role of parallelograms. The operation t encodes

11



5. Groupoids 5.1. The category of groupoids

the affine structure of the group in the sense that, if we know the identity element e, we
recover the group operations by setting x “ z “ e to get the inversion and then z “ e to
get the multiplication. However, the identity element of Γ cannot be recovered from t.

Denote
SpΓq “ set of subgroups of Γ
pΓq “ set of subsets of Γ closed under t .

5.1.16 Proposition pΓq is the set of cosets of elements of SpΓq.

The sets of right and of left cosets of subgroups of Γ coincide because gH “ pgHg´1qg, for
any g P G and any subgroup H ď G.

Prove the proposition above.

We call pΓq the Baer groupoid of Γ, since much of its structure was formulated by Baer ?.
We will next see that the Baer groupoid is a groupoid over SpΓq.

For D P pΓq, let tpDq “ g´1D and spDq “ Dg´1 for some g P D. From basic group
theory, we know that t and s are maps into SpΓq and are independent of the choice of g.
Furthermore, we see that spDq “ gtpDqg´1 is conjugate to tpDq.

pΓq
ÓÓ

SpΓq

Show that if spD1q “ tpD2q, i.e. D1g
´1
1 “ g´1

2 D2 for any g1 P D1, g2 P D2, then the product
in this groupoid can be defined by

D1D2 :“ g2D1 “ g1D2 “ tgh | g P D1 h P D2u .

Observe that the orbits of pΓq are the conjugacy classes of subgroups of Γ. In particular,
over a single conjugacy class of subgroups is a transitive groupoid, and thus we see that the
Baer groupoid is a refinement of the conjugacy relation on subgroups.

The isotropy subgroup of a subgroup H of Γ consists of all left cosets of H which are also
right cosets of H. Any left coset gH is a right coset pgHg´1qg of gHg´1. Thus gH is also
a right coset of H exactly when gHg´1 “ H, or, equivalently, when spgHq “ tpgHq. Thus
the isotropy subgroup of H can be identified with NpHq{H, where NpHq is the normalizer
of H. None

5.1.17 Example Let Γ be a compact connected semisimple Lie group. An interesting
conjugacy class of subgroups of Γ is

“ tmaximal tori of Γu ,

where a maximal torus of Γ is a subgroup

k » pS1qk “ S1 ‘ ¨ ¨ ¨ ‘ S1

12



5. Groupoids 5.1. The category of groupoids

of Γ which is maximal in the sense that there does not exist an ` ě k such that k ă`ď Γ
(here, S1 » { is the circle group). A theorem from Lie group theory (see, for instance, ?)
states that any two maximal tori of a connected Lie group are conjugate, so is an orbit of
pΓq. We call the transitive subgroupoid pΓq|“WpΓq the Weyl groupoid of Γ.

5.1.18 Remarks • For any maximal torus P, the quotient Npq{ is the classical Weyl
group. The relation between the Weyl groupoid and the Weyl group is analogous to
the relation between the fundamental groupoid and the fundamental group.

• There should be relevant applications of Weyl groupoids in the representation theory
of a group Γ which is acted on by a second group, or in studying the representations
of groups that are not connected.

Groupoids with Structure

groupoid-structure

Ehresmann ? was the first to endow groupoids with additional structure, as he applied
groupoids to his study of foliations. Rather than attempting to describe a general theory
of “structured groupoids,” we will simply mention some useful special cases.

1. Topological groupoids: For a topological groupoid, G and X are required to be topo-
logical spaces and all the structure maps must be continuous.

5.1.19 Examples • In the case of a group, this is the same as the concept of
topological group.

• The pair groupoid of a topological space has a natural topological structure
derived from the product topology on X ˆX.

For analyzing topological groupoids, it is useful to impose certain further axioms on
G and X. For a more complete discussion, see ?. Here is a sampling of commonly
used axioms:

a) Gp0q » X is locally compact and Hausdorff.

b) The t- and s-fibers are locally compact and Hausdorff.

c) There is a countable family of compact Hausdorff subsets of G whose interiors
form a basis for the topology.

d) G admits a Haar system, that is, admits a family of measures on the t-fibers
which is invariant under left translations. For any g P G, left translation by g is
a map between t fibers

t´1pspgqq ÝÑ t´1ptpgqq

h
`g
ÞÝÑ gh .
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5.1.20 Example For the pair groupoid, each fiber can be identified with the
base space X. A family of measures is invariant under translation if and only if
the measure is the same on each fiber. Hence, a Haar system on a pair groupoid
corresponds to a measure on X.

2. Measurable groupoids: These groupoids, also called Borel groupoids, come equipped
with a σ-algebra of sets and a distinguished subalgebra (called the null sets); see ??.
On each t-fiber, there is a measure class, which is simply a measure defined up to
multiplication by an invertible measurable function.

3. Lie groupoids or differentiable groupoids: The groupoid G and the base space X
are manifolds and all the structure maps are smooth. It is not assumed that G is
Hausdorff, but only that Gp0q » X is a Hausdorff manifold and closed in G.1 Thus we
can require that the identity section be smooth. Recall that multiplication is defined
as a map on Gp2q Ď G. To require that multiplication be smooth, first Gp2q needs
to be a smooth manifold. It is convenient to make the stronger assumption that the
map t (or s) be a submersion.

Show that the following conditions are equivalent:

(a) t is a submersion,

(b) s is a submersion,

(c) the map pt, sq to the pair groupoid is transverse to the diagonal.

Note that t is the identity map along Gp0q and is thus automatically a submersion
near Gp0q.

Show that t is a submersion on an open and closed subset of G.

Thus, we could drop the submersion assumption on t, by assuming that G is con-
nected.

4. Bundles of groups: A groupoid for which t “ s is called a bundle of groups. This
is not necessarily a trivial bundle, or even a locally trivial bundle in the topological
case, as the fibers need not be isomorphic as groups or as topological spaces. The
orbits are the individual points of the base space, and the isotropy subgroupoids are
the fiber groups of the bundle.

1Throughout these notes, a manifold is assumed to be Hausdorff, unless it is a groupoid.
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The Holonomy Groupoid of a Foliation

Let X be a (Hausdorff) manifold. Let F Ď TX be an integrable subbundle, and the
corresponding foliation ( is the decomposition of X into maximal integral manifolds called
leaves). The notion of holonomy can be described as follows. An F -path is a path in X
whose tangent vectors lie within F . Suppose that γ : r0, 1s Ñ is an F -path along a leaf . Let
Nγp0q and Nγp1q be cross-sections for the spaces of leaves near γp0q and γp1q, respectively,
i.e. they are two small transversal manifolds to the foliation at the end points of γ. There
is an F -path near γ from each point near γp0q in Nγp0q to a uniquely determined point in
Nγp1q. This defines a local diffeomorphism between the two leaf spaces. The holonomy of
γ is defined to be the germ, or direct limit, of such diffeomorphisms, between the local leaf
spaces Nγp0q and Nγp1q.

The notion of holonomy allows us to define an equivalence relation on the set of F -paths
from x to y in X. Let rγsH denote the equivalence class of γ under the relation that two
paths are equivalent if they have the same holonomy.

The holonomy groupoid ?, also called the graph of the foliation ?, is

Hpq “ tpx, rγsH , yq | x, y P X, γ is an F -path from x to yu .

Given a foliation , there are two other related groupoids obtained by changing the equiva-
lence relation on paths:

1. The -pair groupoid – This groupoid is the equivalence relation for which the equiva-
lence classes are the leaves of , i.e. we consider any two F -paths between x, y P to be
equivalent.

2. The -fundamental groupoid – For this groupoid, two F -paths between x, y are equiv-
alent if and only if they are F -homotopic, that is, homotopic within the set of all
F -paths. Let rγsF denote the equivalence class of γ under F -homotopy. The set of
this groupoid is

Πpq “ tpx, rγsF , yq | x, y P X, γ is an F -path from x to yu .

If two paths γ1, γ2 are F -homotopic with fixed endpoints, then they give the same holonomy,
so the holonomy groupoid is intermediate between the -pair groupoid and the -fundamental
groupoid:

rγ1sF “ rγ2sF ùñ rγ1sH “ rγ2sH .

The pair groupoid may not be a manifold. With suitably defined differentiable structures,
though, we have:

Hpq and Πpq are (not necessarily Hausdorff) Lie groupoids.

For a nice proof of this theorem, and a comparison of the two groupoids, see ?. Further
information can be found in ?.

Compare the -pair groupoid, the holonomy groupoid of , and the -fundamental groupoid
for the Möbius band and the Reeb foliation, as described below.
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1. The Möbius band . Take the quotient of the unit square r0, 1s ˆ r0, 1s by the relation
p1, xq „ p0, 1´ xq. Define the leaves of to be images of the horizontal strips tpx, yq |
y “ constantu.

2. The Reeb foliation ?. Consider the family of curves x “ c` sec y on the strip ´π{2 ă
y ă π{2 in the xy-plane. If we revolve about the axis y “ 0, then this defines a
foliation of the solid cylinder by planes. Noting that the foliation is invariant under
translation, we see that this defines a foliation of the open solid torus D2 ˆ S1 by
planes. The foliation is smooth because its restriction to the xy-plane is defined by
the 1-form cos2 y dx ` sin y dy, which is smooth even when y “ ˘π

2 . We close the
solid torus by adding one exceptional leaf – the 2 boundary.

Let t be a vanishing cycle on 2, that is, rts P π1p
2q generates the kernel of the natural

map π1p
2q Ñ π1pD

2 ˆ S1q. Although t is not null-homotopic on the exceptional
leaf, any perturbation of t to a nearby leaf results in a curve that is F -homotopically
trivial. On the other hand, the transverse curve (the cycle given by pc, yq P D2 ˆ S1

for some fixed c P BD2) cannot be pushed onto any of the nearby leaves.

A basic exercise in topology shows us that we can glue two solid tori together so that
the resulting manifold is the 3-sphere S3. For this gluing, the transverse cycle of one
torus is the vanishing cycle of the other. (If we instead glued the two vanishing cycles
and the two transverse cycles together, we would obtain S2 ˆ S1.)

It is interesting to compute the holonomy on each side of the gluing 2. Each of the two
basic cycles in 2 has trivial holonomy on one of its sides (holonomy given by the germ
of the identity diffeomorphism), and non-trivial holonomy on the other side (given by
the germ of an expanding diffeomorphism).

γ inside 2

Nγp1qNγp0q

This provides an example of one-sided holonomy, a phenomenon that cannot happen
for real analytic maps. The leaf space of this foliation is not Hausdorff; in fact, any
function constant on the leaves must be constant on all of S3, since all leaves come
arbitrarily close to the exceptional leaf 2. This foliation and its holonomy provided
the inspiration for the following theorems.

[Haefliger ?] S3 has no real analytic foliation of codimension-1.

[Novikov ?] Every codimension-1 foliation of S3 has a compact leaf that is a torus.
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A. Miscellanea from Linear Algebra

A.0.1 Definition Let k be a field and V a vector space over k. Recall that a map B :
V ˆ V Ñ k is called a bilinear form, if the following two axioms hold true:

(BF1) B is linear in its first argument, i.e.

Bpv` v1, wq “ Bpv, wq `Bpv1, wq & Bpav, wq “ aBpv, wq for all v, v1, w P V, a P k .

(BF2) B is linear in its second argument, i.e.

Bpv, w`w1q “ Bpv, wq`Bpv, w1q & Bpv, awq “ aBpv, wq for all v, w,w1 P V, a P k .

A bilinear form B : V ˆ V Ñ k is called symmetric, if

(BF3) Bpv, wq “ Bpw, vq for all v, w P V ,

and anti-symmetric or skew-symmetric, if

(BF4) Bpv, wq “ ´Bpw, vq for all v, w P V .

A.0.2 Definition Let V be a complex vector space. Recall that a map h : V ˆ V Ñ C is
called a sesquilinear form, if the following two conditions are satisfied:

(SF1) h is linear in its first argument, i.e.

hpv` v1, wq “ hpv, wq ` hpv1, wq & hpzv, wq “ zhpv, wq for all v, w,w1 P V, z P C .

(SF2) h is antilinear in its second argument, i.e.

hpv, w`w1q “ hpv, wq`hpv, w1q & hpv, zwq “ zhpv, wq for all v, w,w1 P V, z P C .

A sesquilinear form h : V ˆ V Ñ k is called a hermitian form, if in addition

(SF3) hpv, wq “ hpw, vq for all v, w P V .
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A. Miscellanea from Linear Algebra A.1. Multilinear algebra

A.1. Multilinear algebra

The tensor product

A.1.1 Let V and W be two vector spaces over the field k. Denote by F pV,W q the free
vector space over the cartesian product V ˆW that means let

F pV,W q :“ kpVˆW q :“
 

λ : V ˆW Ñ k | λ´1p0q is finite
(

.

A basis of F pV,W q is given by the family
 

rv, ws
(

pv,wqPVˆW
of elements

rv, ws : V ˆW Ñ k, pv1, w1q ÞÑ

#

1 if v “ v1 and w “ w,

0 else .

Now define RpV,W q as the subspace of F pV,W q generated by the set of elements

rv ` v1, ws ´ rv, ws ´ rv1, ws, rrv, ws ´ rrv, ws, rv, w ` w1s ´ rv, ws ´ rv, w1s, rv, rws ´ rrv, ws,

where v, v1 P V , w,w1 P W , and r P k. The quotient space T pV,W q :“ F pV,W q{RpV,W q
then is a vector space over k, and the canonical map

i : V ˆW Ñ T pV,W q, pv, wq ÞÑ v b w :“ rv, ws `RpV,W q

bilinear. We will show that T pV,W q together with i is a tensor product in the sense of the
subsequent definition.

A.1.2 Definition Given two vector spaces V,W over a field k a vector space V b W
together with k-bilinear map i : V ˆW Ñ V bW is called a tensor product of the vector
spaces V and W , if it satisfies the following universal property:

•
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Licensing

Creative Commons Attribution 4.0 International License

===================================================

Creative Commons Corporation (“Creative Commons”) is not a law firm and does not
provide legal services or legal advice. Distribution of Creative Commons public licenses
does not create a lawyer-client or other relationship. Creative Commons makes its licenses
and related information available on an “as-is” basis. Creative Commons gives no warranties
regarding its licenses, any material licensed under their terms and conditions, or any related
information. Creative Commons disclaims all liability for damages resulting from their use
to the fullest extent possible.

Using Creative Commons Public Licenses

Creative Commons public licenses provide a standard set of terms and conditions that
creators and other rights holders may use to share original works of authorship and other
material subject to copyright and certain other rights specified in the public license below.
The following considerations are for informational purposes only, are not exhaustive, and
do not form part of our licenses.

Considerations for licensors: Our public licenses are
intended for use by those authorized to give the public
permission to use material in ways otherwise restricted by
copyright and certain other rights. Our licenses are
irrevocable. Licensors should read and understand the terms
and conditions of the license they choose before applying it.
Licensors should also secure all rights necessary before
applying our licenses so that the public can reuse the
material as expected. Licensors should clearly mark any
material not subject to the license. This includes other CC-
licensed material, or material used under an exception or
limitation to copyright. More considerations for licensors:

wiki.creativecommons.org/Considerations_for_licensors

Considerations for the public: By using one of our public
licenses, a licensor grants the public permission to use the
licensed material under specified terms and conditions. If
the licensor’s permission is not necessary for any reason--for
example, because of any applicable exception or limitation to
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copyright--then that use is not regulated by the license. Our
licenses grant only permissions under copyright and certain
other rights that a licensor has authority to grant. Use of
the licensed material may still be restricted for other
reasons, including because others have copyright or other
rights in the material. A licensor may make special requests,
such as asking that all changes be marked or described.
Although not required by our licenses, you are encouraged to
respect those requests where reasonable. More_considerations
for the public:

wiki.creativecommons.org/Considerations_for_licensees

===================================================

Creative Commons Attribution 4.0 International Public License

By exercising the Licensed Rights (defined below), You accept and agree to be bound by
the terms and conditions of this Creative Commons Attribution 4.0 International Public
License (“Public License”). To the extent this Public License may be interpreted as a
contract, You are granted the Licensed Rights in consideration of Your acceptance of these
terms and conditions, and the Licensor grants You such rights in consideration of benefits
the Licensor receives from making the Licensed Material available under these terms and
conditions.

Section 1 – Definitions.

a. Adapted Material means material subject to Copyright and Similar Rights that is
derived from or based upon the Licensed Material and in which the Licensed Mate-
rial is translated, altered, arranged, transformed, or otherwise modified in a manner
requiring permission under the Copyright and Similar Rights held by the Licensor.
For purposes of this Public License, where the Licensed Material is a musical work,
performance, or sound recording, Adapted Material is always produced where the
Licensed Material is synched in timed relation with a moving image.

b. Adapter’s License means the license You apply to Your Copyright and Similar Rights
in Your contributions to Adapted Material in accordance with the terms and condi-
tions of this Public License.

c. Copyright and Similar Rights means copyright and/or similar rights closely related
to copyright including, without limitation, performance, broadcast, sound recording,
and Sui Generis Database Rights, without regard to how the rights are labeled or cate-
gorized. For purposes of this Public License, the rights specified in Section 2(b)(1)-(2)
are not Copyright and Similar Rights.

d. Effective Technological Measures means those measures that, in the absence of proper
authority, may not be circumvented under laws fulfilling obligations under Article
11 of the WIPO Copyright Treaty adopted on December 20, 1996, and/or similar
international agreements.

20



Licensing CC BY 4.0

e. Exceptions and Limitations means fair use, fair dealing, and/or any other exception
or limitation to Copyright and Similar Rights that applies to Your use of the Licensed
Material.

f. Licensed Material means the artistic or literary work, database, or other material to
which the Licensor applied this Public License.

g. Licensed Rights means the rights granted to You subject to the terms and conditions
of this Public License, which are limited to all Copyright and Similar Rights that
apply to Your use of the Licensed Material and that the Licensor has authority to
license.

h. Licensor means the individual(s) or entity(ies) granting rights under this Public Li-
cense.

i. Share means to provide material to the public by any means or process that requires
permission under the Licensed Rights, such as reproduction, public display, pub-
lic performance, distribution, dissemination, communication, or importation, and to
make material available to the public including in ways that members of the public
may access the material from a place and at a time individually chosen by them.

j. Sui Generis Database Rights means rights other than copyright resulting from Di-
rective 96/9/EC of the European Parliament and of the Council of 11 March 1996
on the legal protection of databases, as amended and/or succeeded, as well as other
essentially equivalent rights anywhere in the world.

k. You means the individual or entity exercising the Licensed Rights under this Public
License. Your has a corresponding meaning.

Section 2 – Scope.

a. License grant.

1. Subject to the terms and conditions of this Public License, the Licensor hereby
grants You a worldwide, royalty-free, non-sublicensable, non-exclusive, irrevoca-
ble license to exercise the Licensed Rights in the Licensed Material to:

a. reproduce and Share the Licensed Material, in whole or
in part; and

b. produce, reproduce, and Share Adapted Material.

2. Exceptions and Limitations. For the avoidance of doubt, where Exceptions and
Limitations apply to Your use, this Public License does not apply, and You do
not need to comply with its terms and conditions.

3. Term. The term of this Public License is specified in Section 6(a).
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4. Media and formats; technical modifications allowed. The Licensor authorizes
You to exercise the Licensed Rights in all media and formats whether now known
or hereafter created, and to make technical modifications necessary to do so. The
Licensor waives and/or agrees not to assert any right or authority to forbid You
from making technical modifications necessary to exercise the Licensed Rights,
including technical modifications necessary to circumvent Effective Technological
Measures. For purposes of this Public License, simply making modifications
authorized by this Section 2(a)

(4) never produces Adapted Material.

5. Downstream recipients.

a. Offer from the Licensor -- Licensed Material. Every
recipient of the Licensed Material automatically
receives an offer from the Licensor to exercise the
Licensed Rights under the terms and conditions of this
Public License.

b. No downstream restrictions. You may not offer or impose
any additional or different terms or conditions on, or
apply any Effective Technological Measures to, the
Licensed Material if doing so restricts exercise of the
Licensed Rights by any recipient of the Licensed
Material.

6. No endorsement. Nothing in this Public License constitutes or may be construed
as permission to assert or imply that You are, or that Your use of the Licensed
Material is, connected with, or sponsored, endorsed, or granted official status by,
the Licensor or others designated to receive attribution as provided in Section
3(a)(1)(A)(i).

b. Other rights.

1. Moral rights, such as the right of integrity, are not licensed under this Public
License, nor are publicity, privacy, and/or other similar personality rights; how-
ever, to the extent possible, the Licensor waives and/or agrees not to assert any
such rights held by the Licensor to the limited extent necessary to allow You to
exercise the Licensed Rights, but not otherwise.

2. Patent and trademark rights are not licensed under this Public License.

3. To the extent possible, the Licensor waives any right to collect royalties from
You for the exercise of the Licensed Rights, whether directly or through a collect-
ing society under any voluntary or waivable statutory or compulsory licensing
scheme. In all other cases the Licensor expressly reserves any right to collect
such royalties.
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Section 3 – License Conditions.

Your exercise of the Licensed Rights is expressly made subject to the following conditions.

a. Attribution.

1. If You Share the Licensed Material (including in modified form), You must:

a. retain the following if it is supplied by the Licensor
with the Licensed Material:

i. identification of the creator(s) of the Licensed
Material and any others designated to receive
attribution, in any reasonable manner requested by
the Licensor (including by pseudonym if
designated);

ii. a copyright notice;

iii. a notice that refers to this Public License;

iv. a notice that refers to the disclaimer of
warranties;

v. a URI or hyperlink to the Licensed Material to the
extent reasonably practicable;

b. indicate if You modified the Licensed Material and
retain an indication of any previous modifications; and

c. indicate the Licensed Material is licensed under this
Public License, and include the text of, or the URI or
hyperlink to, this Public License.

2. You may satisfy the conditions in Section 3(a)(1) in any reasonable manner based
on the medium, means, and context in which You Share the Licensed Material.
For example, it may be reasonable to satisfy the conditions by providing a URI
or hyperlink to a resource that includes the required information.

3. If requested by the Licensor, You must remove any of the information required
by Section 3(a)(1)(A) to the extent reasonably practicable.

4. If You Share Adapted Material You produce, the Adapter’s License You apply
must not prevent recipients of the Adapted Material from complying with this
Public License.

Section 4 – Sui Generis Database Rights.

23



Licensing CC BY 4.0

Where the Licensed Rights include Sui Generis Database Rights that apply to Your use of
the Licensed Material:

a. for the avoidance of doubt, Section 2(a)(1) grants You the right to extract, reuse,
reproduce, and Share all or a substantial portion of the contents of the database;

b. if You include all or a substantial portion of the database contents in a database in
which You have Sui Generis Database Rights, then the database in which You have
Sui Generis Database Rights (but not its individual contents) is Adapted Material;
and

c. You must comply with the conditions in Section 3(a) if You Share all or a substantial
portion of the contents of the database.

For the avoidance of doubt, this Section 4 supplements and does not replace Your obligations
under this Public License where the Licensed Rights include other Copyright and Similar
Rights.

Section 5 – Disclaimer of Warranties and Limitation of Liability.

a. UNLESS OTHERWISE SEPARATELY UNDERTAKEN BY THE LICENSOR, TO
THE EXTENT POSSIBLE, THE LICENSOR OFFERS THE LICENSED MATE-
RIAL AS-IS AND AS-AVAILABLE, AND MAKES NO REPRESENTATIONS OR
WARRANTIES OF ANY KIND CONCERNING THE LICENSED MATERIAL,
WHETHER EXPRESS, IMPLIED, STATUTORY, OR OTHER. THIS INCLUDES,
WITHOUT LIMITATION,WARRANTIES OF TITLE, MERCHANTABILITY, FIT-
NESS FOR A PARTICULAR PURPOSE, NON-INFRINGEMENT, ABSENCE OF
LATENT OR OTHER DEFECTS, ACCURACY, OR THE PRESENCE OR AB-
SENCE OF ERRORS,WHETHERORNOTKNOWNORDISCOVERABLE.WHERE
DISCLAIMERS OF WARRANTIES ARE NOT ALLOWED IN FULL OR IN PART,
THIS DISCLAIMER MAY NOT APPLY TO YOU.

b. TO THE EXTENT POSSIBLE, IN NO EVENTWILL THE LICENSOR BE LIABLE
TO YOU ON ANY LEGAL THEORY (INCLUDING, WITHOUT LIMITATION,
NEGLIGENCE) OR OTHERWISE FOR ANY DIRECT, SPECIAL, INDIRECT, IN-
CIDENTAL, CONSEQUENTIAL, PUNITIVE, EXEMPLARY, OR OTHER LOSSES,
COSTS, EXPENSES, OR DAMAGES ARISING OUT OF THIS PUBLIC LICENSE
OR USE OF THE LICENSED MATERIAL, EVEN IF THE LICENSOR HAS BEEN
ADVISED OF THE POSSIBILITY OF SUCH LOSSES, COSTS, EXPENSES, OR
DAMAGES. WHERE A LIMITATION OF LIABILITY IS NOT ALLOWED IN
FULL OR IN PART, THIS LIMITATION MAY NOT APPLY TO YOU.

c. The disclaimer of warranties and limitation of liability provided above shall be inter-
preted in a manner that, to the extent possible, most closely approximates an absolute
disclaimer and waiver of all liability.

Section 6 – Term and Termination.
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a. This Public License applies for the term of the Copyright and Similar Rights licensed
here. However, if You fail to comply with this Public License, then Your rights under
this Public License terminate automatically.

b. Where Your right to use the Licensed Material has terminated under Section 6(a), it
reinstates:

1. automatically as of the date the violation is cured, provided it is cured within
30 days of Your discovery of the violation; or

2. upon express reinstatement by the Licensor.

For the avoidance of doubt, this Section 6(b) does not affect any right the Licensor
may have to seek remedies for Your violations of this Public License.

c. For the avoidance of doubt, the Licensor may also offer the Licensed Material under
separate terms or conditions or stop distributing the Licensed Material at any time;
however, doing so will not terminate this Public License.

d. Sections 1, 5, 6, 7, and 8 survive termination of this Public License.

Section 7 – Other Terms and Conditions.

a. The Licensor shall not be bound by any additional or different terms or conditions
communicated by You unless expressly agreed.

b. Any arrangements, understandings, or agreements regarding the Licensed Material
not stated herein are separate from and independent of the terms and conditions of
this Public License.

Section 8 – Interpretation.

a. For the avoidance of doubt, this Public License does not, and shall not be interpreted
to, reduce, limit, restrict, or impose conditions on any use of the Licensed Material
that could lawfully be made without permission under this Public License.

b. To the extent possible, if any provision of this Public License is deemed unenforce-
able, it shall be automatically reformed to the minimum extent necessary to make it
enforceable. If the provision cannot be reformed, it shall be severed from this Public
License without affecting the enforceability of the remaining terms and conditions.

c. No term or condition of this Public License will be waived and no failure to comply
consented to unless expressly agreed to by the Licensor.

d. Nothing in this Public License constitutes or may be interpreted as a limitation upon,
or waiver of, any privileges and immunities that apply to the Licensor or You, includ-
ing from the legal processes of any jurisdiction or authority.
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===================================================

Creative Commons is not a party to its public licenses. Notwithstanding, Creative Com-
mons may elect to apply one of its public licenses to material it publishes and in those
instances will be considered the “Licensor.” Except for the limited purpose of indicating
that material is shared under a Creative Commons public license or as otherwise permit-
ted by the Creative Commons policies published at creativecommons.org/policies, Creative
Commons does not authorize the use of the trademark “Creative Commons” or any other
trademark or logo of Creative Commons without its prior written consent including, without
limitation, in connection with any unauthorized modifications to any of its public licenses or
any other arrangements, understandings, or agreements concerning use of licensed material.
For the avoidance of doubt, this paragraph does not form part of the public licenses.

Creative Commons may be contacted at https://creativecommons.org.
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Creative Commons NonCommercial NoDerivative Attribution
4.0 International License

===================================================

Creative Commons Corporation (“Creative Commons”) is not a law firm and does not
provide legal services or legal advice. Distribution of Creative Commons public licenses
does not create a lawyer-client or other relationship. Creative Commons makes its licenses
and related information available on an “as-is” basis. Creative Commons gives no warranties
regarding its licenses, any material licensed under their terms and conditions, or any related
information. Creative Commons disclaims all liability for damages resulting from their use
to the fullest extent possible.

Using Creative Commons Public Licenses

Creative Commons public licenses provide a standard set of terms and conditions that
creators and other rights holders may use to share original works of authorship and other
material subject to copyright and certain other rights specified in the public license below.
The following considerations are for informational purposes only, are not exhaustive, and
do not form part of our licenses.

Considerations for licensors: Our public licenses are
intended for use by those authorized to give the public
permission to use material in ways otherwise restricted by
copyright and certain other rights. Our licenses are
irrevocable. Licensors should read and understand the terms
and conditions of the license they choose before applying it.
Licensors should also secure all rights necessary before
applying our licenses so that the public can reuse the
material as expected. Licensors should clearly mark any
material not subject to the license. This includes other CC-
licensed material, or material used under an exception or
limitation to copyright. More considerations for licensors:

wiki.creativecommons.org/Considerations_for_licensors

Considerations for the public: By using one of our public
licenses, a licensor grants the public permission to use the
licensed material under specified terms and conditions. If
the licensor’s permission is not necessary for any reason--for
example, because of any applicable exception or limitation to
copyright--then that use is not regulated by the license. Our
licenses grant only permissions under copyright and certain
other rights that a licensor has authority to grant. Use of
the licensed material may still be restricted for other
reasons, including because others have copyright or other
rights in the material. A licensor may make special requests,
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such as asking that all changes be marked or described.
Although not required by our licenses, you are encouraged to
respect those requests where reasonable. More_considerations
for the public:

wiki.creativecommons.org/Considerations_for_licensees

===================================================

Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International Public Li-
cense

By exercising the Licensed Rights (defined below), You accept and agree to be bound by the
terms and conditions of this Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International Public License (“Public License”). To the extent this Public License may
be interpreted as a contract, You are granted the Licensed Rights in consideration of Your
acceptance of these terms and conditions, and the Licensor grants You such rights in con-
sideration of benefits the Licensor receives from making the Licensed Material available
under these terms and conditions.

Section 1 – Definitions.

a. Adapted Material means material subject to Copyright and Similar Rights that is
derived from or based upon the Licensed Material and in which the Licensed Mate-
rial is translated, altered, arranged, transformed, or otherwise modified in a manner
requiring permission under the Copyright and Similar Rights held by the Licensor.
For purposes of this Public License, where the Licensed Material is a musical work,
performance, or sound recording, Adapted Material is always produced where the
Licensed Material is synched in timed relation with a moving image.

b. Copyright and Similar Rights means copyright and/or similar rights closely related
to copyright including, without limitation, performance, broadcast, sound recording,
and Sui Generis Database Rights, without regard to how the rights are labeled or cate-
gorized. For purposes of this Public License, the rights specified in Section 2(b)(1)-(2)
are not Copyright and Similar Rights.

c. Effective Technological Measures means those measures that, in the absence of proper
authority, may not be circumvented under laws fulfilling obligations under Article
11 of the WIPO Copyright Treaty adopted on December 20, 1996, and/or similar
international agreements.

d. Exceptions and Limitations means fair use, fair dealing, and/or any other exception
or limitation to Copyright and Similar Rights that applies to Your use of the Licensed
Material.

e. Licensed Material means the artistic or literary work, database, or other material to
which the Licensor applied this Public License.
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f. Licensed Rights means the rights granted to You subject to the terms and conditions
of this Public License, which are limited to all Copyright and Similar Rights that
apply to Your use of the Licensed Material and that the Licensor has authority to
license.

g. Licensor means the individual(s) or entity(ies) granting rights under this Public Li-
cense.

h. NonCommercial means not primarily intended for or directed towards commercial
advantage or monetary compensation. For purposes of this Public License, the ex-
change of the Licensed Material for other material subject to Copyright and Similar
Rights by digital file-sharing or similar means is NonCommercial provided there is no
payment of monetary compensation in connection with the exchange.

i. Share means to provide material to the public by any means or process that requires
permission under the Licensed Rights, such as reproduction, public display, pub-
lic performance, distribution, dissemination, communication, or importation, and to
make material available to the public including in ways that members of the public
may access the material from a place and at a time individually chosen by them.

j. Sui Generis Database Rights means rights other than copyright resulting from Di-
rective 96/9/EC of the European Parliament and of the Council of 11 March 1996
on the legal protection of databases, as amended and/or succeeded, as well as other
essentially equivalent rights anywhere in the world.

k. You means the individual or entity exercising the Licensed Rights under this Public
License. Your has a corresponding meaning.

Section 2 – Scope.

a. License grant.

1. Subject to the terms and conditions of this Public License, the Licensor hereby
grants You a worldwide, royalty-free, non-sublicensable, non-exclusive, irrevoca-
ble license to exercise the Licensed Rights in the Licensed Material to:

a. reproduce and Share the Licensed Material, in whole or
in part, for NonCommercial purposes only; and

b. produce and reproduce, but not Share, Adapted Material
for NonCommercial purposes only.

2. Exceptions and Limitations. For the avoidance of doubt, where Exceptions and
Limitations apply to Your use, this Public License does not apply, and You do
not need to comply with its terms and conditions.

3. Term. The term of this Public License is specified in Section 6(a).

29



Licensing CC BY NC ND 4.0

4. Media and formats; technical modifications allowed. The Licensor authorizes
You to exercise the Licensed Rights in all media and formats whether now known
or hereafter created, and to make technical modifications necessary to do so. The
Licensor waives and/or agrees not to assert any right or authority to forbid You
from making technical modifications necessary to exercise the Licensed Rights,
including technical modifications necessary to circumvent Effective Technological
Measures. For purposes of this Public License, simply making modifications
authorized by this Section 2(a)

(4) never produces Adapted Material.

5. Downstream recipients.

a. Offer from the Licensor -- Licensed Material. Every
recipient of the Licensed Material automatically
receives an offer from the Licensor to exercise the
Licensed Rights under the terms and conditions of this
Public License.

b. No downstream restrictions. You may not offer or impose
any additional or different terms or conditions on, or
apply any Effective Technological Measures to, the
Licensed Material if doing so restricts exercise of the
Licensed Rights by any recipient of the Licensed
Material.

6. No endorsement. Nothing in this Public License constitutes or may be construed
as permission to assert or imply that You are, or that Your use of the Licensed
Material is, connected with, or sponsored, endorsed, or granted official status by,
the Licensor or others designated to receive attribution as provided in Section
3(a)(1)(A)(i).

b. Other rights.

1. Moral rights, such as the right of integrity, are not licensed under this Public
License, nor are publicity, privacy, and/or other similar personality rights; how-
ever, to the extent possible, the Licensor waives and/or agrees not to assert any
such rights held by the Licensor to the limited extent necessary to allow You to
exercise the Licensed Rights, but not otherwise.

2. Patent and trademark rights are not licensed under this Public License.

3. To the extent possible, the Licensor waives any right to collect royalties from
You for the exercise of the Licensed Rights, whether directly or through a collect-
ing society under any voluntary or waivable statutory or compulsory licensing
scheme. In all other cases the Licensor expressly reserves any right to collect
such royalties, including when the Licensed Material is used other than for Non-
Commercial purposes.
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Section 3 – License Conditions.

Your exercise of the Licensed Rights is expressly made subject to the following conditions.

a. Attribution.

1. If You Share the Licensed Material, You must:

a. retain the following if it is supplied by the Licensor
with the Licensed Material:

i. identification of the creator(s) of the Licensed
Material and any others designated to receive
attribution, in any reasonable manner requested by
the Licensor (including by pseudonym if
designated);

ii. a copyright notice;

iii. a notice that refers to this Public License;

iv. a notice that refers to the disclaimer of
warranties;

v. a URI or hyperlink to the Licensed Material to the
extent reasonably practicable;

b. indicate if You modified the Licensed Material and
retain an indication of any previous modifications; and

c. indicate the Licensed Material is licensed under this
Public License, and include the text of, or the URI or
hyperlink to, this Public License.

For the avoidance of doubt, You do not have permission under this Public License
to Share Adapted Material.

2. You may satisfy the conditions in Section 3(a)(1) in any reasonable manner based
on the medium, means, and context in which You Share the Licensed Material.
For example, it may be reasonable to satisfy the conditions by providing a URI
or hyperlink to a resource that includes the required information.

3. If requested by the Licensor, You must remove any of the information required
by Section 3(a)(1)(A) to the extent reasonably practicable.

Section 4 – Sui Generis Database Rights.

Where the Licensed Rights include Sui Generis Database Rights that apply to Your use of
the Licensed Material:
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a. for the avoidance of doubt, Section 2(a)(1) grants You the right to extract, reuse,
reproduce, and Share all or a substantial portion of the contents of the database for
NonCommercial purposes only and provided You do not Share Adapted Material;

b. if You include all or a substantial portion of the database contents in a database in
which You have Sui Generis Database Rights, then the database in which You have
Sui Generis Database Rights (but not its individual contents) is Adapted Material;
and

c. You must comply with the conditions in Section 3(a) if You Share all or a substantial
portion of the contents of the database.

For the avoidance of doubt, this Section 4 supplements and does not replace Your obligations
under this Public License where the Licensed Rights include other Copyright and Similar
Rights.

Section 5 – Disclaimer of Warranties and Limitation of Liability.

a. UNLESS OTHERWISE SEPARATELY UNDERTAKEN BY THE LICENSOR, TO
THE EXTENT POSSIBLE, THE LICENSOR OFFERS THE LICENSED MATE-
RIAL AS-IS AND AS-AVAILABLE, AND MAKES NO REPRESENTATIONS OR
WARRANTIES OF ANY KIND CONCERNING THE LICENSED MATERIAL,
WHETHER EXPRESS, IMPLIED, STATUTORY, OR OTHER. THIS INCLUDES,
WITHOUT LIMITATION,WARRANTIES OF TITLE, MERCHANTABILITY, FIT-
NESS FOR A PARTICULAR PURPOSE, NON-INFRINGEMENT, ABSENCE OF
LATENT OR OTHER DEFECTS, ACCURACY, OR THE PRESENCE OR AB-
SENCE OF ERRORS,WHETHERORNOTKNOWNORDISCOVERABLE.WHERE
DISCLAIMERS OF WARRANTIES ARE NOT ALLOWED IN FULL OR IN PART,
THIS DISCLAIMER MAY NOT APPLY TO YOU.

b. TO THE EXTENT POSSIBLE, IN NO EVENTWILL THE LICENSOR BE LIABLE
TO YOU ON ANY LEGAL THEORY (INCLUDING, WITHOUT LIMITATION,
NEGLIGENCE) OR OTHERWISE FOR ANY DIRECT, SPECIAL, INDIRECT, IN-
CIDENTAL, CONSEQUENTIAL, PUNITIVE, EXEMPLARY, OR OTHER LOSSES,
COSTS, EXPENSES, OR DAMAGES ARISING OUT OF THIS PUBLIC LICENSE
OR USE OF THE LICENSED MATERIAL, EVEN IF THE LICENSOR HAS BEEN
ADVISED OF THE POSSIBILITY OF SUCH LOSSES, COSTS, EXPENSES, OR
DAMAGES. WHERE A LIMITATION OF LIABILITY IS NOT ALLOWED IN
FULL OR IN PART, THIS LIMITATION MAY NOT APPLY TO YOU.

c. The disclaimer of warranties and limitation of liability provided above shall be inter-
preted in a manner that, to the extent possible, most closely approximates an absolute
disclaimer and waiver of all liability.

Section 6 – Term and Termination.

a. This Public License applies for the term of the Copyright and Similar Rights licensed
here. However, if You fail to comply with this Public License, then Your rights under
this Public License terminate automatically.
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b. Where Your right to use the Licensed Material has terminated under Section 6(a), it
reinstates:

1. automatically as of the date the violation is cured, provided it is cured within
30 days of Your discovery of the violation; or

2. upon express reinstatement by the Licensor.

For the avoidance of doubt, this Section 6(b) does not affect any right the Licensor
may have to seek remedies for Your violations of this Public License.

c. For the avoidance of doubt, the Licensor may also offer the Licensed Material under
separate terms or conditions or stop distributing the Licensed Material at any time;
however, doing so will not terminate this Public License.

d. Sections 1, 5, 6, 7, and 8 survive termination of this Public License.

Section 7 – Other Terms and Conditions.

a. The Licensor shall not be bound by any additional or different terms or conditions
communicated by You unless expressly agreed.

b. Any arrangements, understandings, or agreements regarding the Licensed Material
not stated herein are separate from and independent of the terms and conditions of
this Public License.

Section 8 – Interpretation.

a. For the avoidance of doubt, this Public License does not, and shall not be interpreted
to, reduce, limit, restrict, or impose conditions on any use of the Licensed Material
that could lawfully be made without permission under this Public License.

b. To the extent possible, if any provision of this Public License is deemed unenforce-
able, it shall be automatically reformed to the minimum extent necessary to make it
enforceable. If the provision cannot be reformed, it shall be severed from this Public
License without affecting the enforceability of the remaining terms and conditions.

c. No term or condition of this Public License will be waived and no failure to comply
consented to unless expressly agreed to by the Licensor.

d. Nothing in this Public License constitutes or may be interpreted as a limitation upon,
or waiver of, any privileges and immunities that apply to the Licensor or You, includ-
ing from the legal processes of any jurisdiction or authority.

===================================================

Creative Commons is not a party to its public licenses. Notwithstanding, Creative Com-
mons may elect to apply one of its public licenses to material it publishes and in those
instances will be considered the “Licensor.” The text of the Creative Commons public li-
censes is dedicated to the public domain under the CC0 Public Domain Dedication. Except
for the limited purpose of indicating that material is shared under a Creative Commons
public license or as otherwise permitted by the Creative Commons policies published at
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creativecommons.org/policies, Creative Commons does not authorize the use of the trade-
mark “Creative Commons” or any other trademark or logo of Creative Commons without
its prior written consent including, without limitation, in connection with any unauthorized
modifications to any of its public licenses or any other arrangements, understandings, or
agreements concerning use of licensed material. For the avoidance of doubt, this paragraph
does not form part of the public licenses.

Creative Commons may be contacted at creativecommons.org.
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